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We discuss expectation values of the twist operator U appearing in the Lieb-Schultz-Mattis the-
orem (or the polarization operator for periodic systems) in excited states of the one-dimensional
correlated systems z
(q,±)
L ≡ 〈Ψ±q/2|Uq|Ψ±q/2〉, where |Ψ±p 〉 denotes the excited states given by linear
combinations of momentum 2pkF with parity ±1. We found that z(q,±)L gives universal values ±1/2
on the Tomonaga-Luttinger (TL) fixed point, and its signs identify the topology of the dominant
phases. Therefore, this expectation value changes between ±1/2 discontinuously at a phase transi-
tion point with the U(1) or SU(2) symmetric Gaussian universality class. This means that z
(q,±)
L
extracts the topological information of TL liquids. We explain these results based on the free-fermion
picture and the bosonization theory, and also demonstrate them in several physical systems.
I. INTRODUCTION
In many body quantum systems, it is important to
investigate structures of low-energy spectra such as the
existence of energy gaps and the degeneracy of ground
states. These structures of energy spectra characterize
the physical properties of the systems such as metals or
insulators, and dominant phases.
The Lieb-Schultz-Mattis (LSM) theorem plays an im-
portant role in the study of such properties in one-
dimensional (1D) lattice systems [1–5]. In the LSM theo-
rem, the possibility of opening an energy gap in a parity
and translationally symmetric system is related to the or-
thogonality of a non-degenerate ground state in a finite-
size system |Ψ0〉 and a variational excited state Uq |Ψ0〉.
Here, U is the twist operator which creates the O(1/L)
excitation in a finite L size system. For fermion systems,
that is defined by
U = exp
(
2pii
L
L∑
j=1
jnj
)
, (1)
where nj is the density operator at site j. For spin
systems, the twist operator is defined by replacing the
density operator nj by the spin operator S
z
j . It is well
known that as a generalization of the original LSM theo-
rem (q = 1), the necessary condition for the appearance
of gapped states with q-fold degenerate ground states is
given by q(S−m) = integer where S and m are the spin
and the magnetization per unit cell [4]. In this way
z
(q)
L = 〈Ψ0|Uq|Ψ0〉 (2)
is the essential index in the LSM theorem.
On the other hand, the same quantity z
(q)
L is also intro-
duced by Resta from an argument of electric polarization.
He introduced z
(1)
L to define the expectation value of the
center-of-mass operator 1L
∑L
j=1 jnj in periodic systems
[6–8]. This notion was also extended to q-fold degener-
ate systems [9]. It is well known that an insulator is dis-
tinguished from a conductor at zero temperature by its
vanishing dc conductivity (Drude weight)[10], whereas,
z
(q)
L distinguishes not only metals and insulators, but also
“topology” of insulators by its sign, such as band or Mott
insulators. Thus z
(q)
L plays the role of order parameters
and also probes to detect topological phase transitions
[11, 12].
In this paper, we turn our attention to the following
expectation value of U :
z
(q,±)
L = 〈Ψ±q/2|Uq|Ψ±q/2〉 , (3)
where |Ψ±p 〉 denotes linear combinations of excited
states with momenta 2pkF and −2pkF, and with parity
P |Ψ±q/2〉 = ± |Ψ±q/2〉. Here kF is the Fermi momentum
with qkF = npi (n: integer). This is as an extension of
Eq. (2), but, as will be shown later, it extracts the topo-
logical information of 1D quantum systems at the limit of
the Tomonaga-Luttinger (TL) fixed point as the universal
values z
(q,±)
L = ±1/2, whereas z(q)L becomes zero. This is
essentially different from the property of z
(q)
L whose sign
is determined in the gapped fixed points.
This paper is organized as follows. In Sec. II, we dis-
cuss the properties of z
(q,±)
L in the free fermions. In
Sec. III, we discuss the interacting systems based on the
TL model and bosonization of the twist operator. In
Sec. IV, we demonstrate the properties in several physical
systems based on the exact diagonalization (ED). Finally
summary and discussions are given in Sec. V. Throughout
this paper, the lattice constant and the Planck constant
are set to be unity.
II. FREE FERMION PICTURE
First, we consider the properties of Eq. (3) in free-
fermion systems. It follows from the relation of the cre-
ation operators in the real and the momentum spaces,
and the twist operator
Uc†jU
−1 = c†je
i 2piL j , Uc†kU
−1 = c†k+2pi/L, (4)
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FIG. 1. Dispersion relations of the ground state |Ψ0〉 and the
excited states |Ψp〉 in finite-size systems. States with half-odd
integers p are realized in the antiperiodic boundary condition,
where the wave number k = 2pi
L
m with a half-odd integer m.
In particular, excited states |Ψ±1/2〉 are realized as doubly-
degenerate ground states in the antiperiodic boundary condi-
tion. The momentum transfer of |Ψ1/2〉 is regarded as 2kF by
1/2 fermion.
that U creates the momentum shift 2piL . This means that
it creates momentum transfer 2kF with respect to the
ground state where the fermion states between k = −kF
and k = kF are occupied. Now we introduce the following
excited states:
|Ψ±p 〉 ≡
1√
2
(|Ψ+p〉 ± |Ψ−p〉), (5)
where |Ψp〉 is a state with a momentum 2pkF (see Fig. 1).
|Ψ±p 〉 are eigenstates of the parity operation P |Ψ±p 〉 =
± |Ψ±p 〉, since P |Ψp〉 = |Ψ−p〉. The momentum is re-
stricted by a condition 2pkF = npi (n: integer), since
the parity operation P (PciP−1 = cL+1−i) commutes
with the one-site shift operation T (T ciT −1 = ci+1) only
when the eigenvalue of T is a real number ±1. In this sit-
uation, the expectation value of the twist operator with
an integer q becomes
〈Ψ±p |Uq |Ψ±p 〉 =
1
2
〈Ψ0|(Uq ± Uq−2p ± Uq+2p + Uq)|Ψ0〉
=± 1
2
δq,2p, (L→∞). (6)
Here terms with the finite power of U vanish in the L→
∞ limit due to the LSM theorem which insists that |Ψ0〉
and Uq |Ψ0〉 are orthogonal in the gapless state. Thus
it turns out that z
(q,±)
L = ±1/2 and the signs identify
parities of the wave function of the excited states (5)
with p = q/2. Note that states with half-odd integers
p are realized in antiperiodic boundary conditions, since
the wave numbers are given by k = 2piL m with half-odd
integers m as shown in Fig. 1.
III. BOSONIZATION
Next, we demonstrate that the above property of z
(q,±)
L
is unchanged in interacting cases. To this end we consider
the bosonization of the twist operator. In 1D systems,
the low-energy excitations are described as TL liquids
[13–15]. The Hamiltonian of the interacting fermions is
given by the Gaussian model,
HTL = v
∫
dx
[
piK
2
Π2 +
1
2piK
(
∂φ
∂x
)2]
, (7)
where v and K are the sound velocity and the TL param-
eter, respectively. The phase fields satisfy [φ(x),Π(y)] =
iδ(x − y) and their mode expansions of the phase fields
are given by
φ(x) =
ipi
L
∑
k 6=0
1
k
e−α
|k|
2 −ikx [ρ+(k) + ρ−(k)] +
Npix
L
+Q,
(8)
Π(x) =− 1
L
∑
k 6=0
e−α
|k|
2 −ikx [ρ+(k)− ρ−(k)]− M
L
, (9)
with the cutoff α. The density operators satisfy the fol-
lowing commutation relation:
[ρr(−k), ρr′(k′)] = r kL
2pi
δrr′δkk′ (r, r
′ = +,−), (10)
and ρ+(−k) |Ψ0〉 = ρ−(k) |Ψ0〉 = 0 for k > 0. The zero
mode satisfies the relation [Q,M ] = −i. The effects of the
interactions are renormalized into the TL parameter K,
whereas K = 1 is for the free fermions. Usually, the low-
energy Hamiltonian also includes a non-linear term as
H = HTL + 2g(2piα)2
∫ L
0
dx cos[2qφ(x)] which opens an en-
ergy gap when it is relevant in the renormalization group
analysis. Therefore Hamiltonian (7) is realized just on
the transition point with the Gaussian universality class
(g = 0).
The center-of-mass operator is bosonized using the par-
tial integration as
2pi
L
L∑
j=1
jnj →2pi
L
∫ L
0
dxx
1
pi
∂xφ(x) (11)
= 2φ(L)−Npi − 2Q, (12)
where we have ignored the 2kF-umklapp term. Then
the normal ordered representation becomes[15] (see Ap-
pendix A)
Uq →U(q,K) ≡ exp [iq(2φ(L)−Npi − 2Q)] (13)
' : exp [i2qφ(L)] :
(
2piα
L
)q2K
. (14)
If we set the cut-off parameter α to the order of the lattice
constant ∼ 1, this result describes the O(1/L) excitation
in the LSM theorem. This is also consistent with the
conjecture z
(q)
L ∝ 〈cos 2qφ〉 discussed in Ref. 11, since z(q)L
is a real number under the parity symmetry φ → −φ.
We can also confirm that the bosonized representation
satisfies the relation (see Appendix A)
U(q,K)U(p,K) = U(p+ q,K). (15)
3For the interacting case with the forward scattering K 6=
1, it follows from the concept of TL liquids that the state
with 2qkF momentum |Ψq〉 is given by
|Ψq(K)〉 = U(q,K) |Ψ0(K)〉 , (16)
where |Ψ0(K)〉 is the ground state. Therefore, the re-
lation for free fermions (6) is also applicable to the in-
teracting case (7) only by a replacement Uq → U(q,K).
Thus within the low-energy approximation, the values
z
(q,±)
L = ±1/2 turn out to be universal for the TL liquids
with K 6= 1. This result does not depend on the detailed
form of U(q,K) as long as the relation (15) is satisfied.
In the conformal field theory (CFT), expectation val-
ues of one-point operators in finite-size systems are eval-
uated as [16, 17], (see Appendix B)
〈Oi|Oj(σ)|Oi〉 =Ciji
(
2pi
L
)xj
, (17)
where xj is the scaling dimension of the jth operator, and
Ciji is the operator product expansion (OPE) coefficient
defined as,
Oi(σ1)Oj(σ2) =
∑
k
Cijk
|σ1 − σ2|xi+xj−xkOk(σ2). (18)
In the present case, the excited states |Ψ±q/2〉 are eigen-
states of O1(σ) ≡: cos[qφ(σ)] : and O2(σ) ≡: sin[qφ(σ)] :,
respectively. In addition, O3(σ) ≡: cos[2qφ(σ)] : is related
to the twist operator asO3(L) ∝ U(q,K). The scaling di-
mensions are x1 = x2 = q
2K/4 and x3 = q
2K. The OPE
coefficients are C131 = +1/2 and C232 = −1/2 (see Ap-
pendix C). Then, the formula, Eq. (17), seems to explain
Eq. (6), but the size dependence (2pi/L)x3 remains. This
discrepancy is because the bosonized operator O3(L) is
no longer a local field, so that Eq. (17) is not applicable
to the present case.
IV. PHYSICAL SYSTEMS
A. The S = 1/2 J1-J2 spin chain
In the rest of this paper, we demonstrate the above ar-
gument in several models based on ED. As the first exam-
ple, we consider the S = 1/2 antiferromagnetic Heisen-
berg chain with the next-nearest-neighbor exchanges,
H =
L∑
i=1
[Si · Si+1 + αSi · Si+2] . (19)
In this system, a phase transition between the gapless
state and the dimer state occurs at αc = 0.2411 [18].
This critical point belongs to the universality class of the
SU(2) symmetric Gaussian model, and is identified by
the level-crossing of the singlet-triplet excitation energies.
These excited states correspond to |Ψ±1 〉. The critical
-1.0
-0.5
0.0
0.5
1.0
0.0 0.1 0.2 0.3 0.4 0.5
zL
(2)
singlet (i=-)
triplet (i=+)
z L
(2,
i)
α
FIG. 2. z
(2,±)
L of the S = 1/2 J1-J2 spin chain for the L = 28
system obtained by ED (red and blue lines). If we calculate
the first excited state without classifying the Hilbert space by
parity, the value change discontinuously between ±1/2 at the
gapless-dimer transition point αc = 0.2411 (magenta line).
On the other hand, z
(2)
L changes continuously and becomes
zero at αc (green line). z
(2,±)
L converges to ±1/2 for the gap-
less region, while to a finite value for the dimer region.
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FIG. 3. System size dependence (L = 12-30) of z
(2,±)
L of the
S = 1/2 J1-J2 spin chain at the gapless-dimer transition point
αc = 0.2411. This shows that z
(2,±)
L has the size dependence
O(1/L), and approach to ±1/2 in the L→∞ limit.
point can also be determined by the condition z
(2)
L = 0
[11, 12] which is obtained by the ground-state expectation
value of U2 by ED for the L = 28 system, as shown in
Fig. 2.
Now we turn our attention to z
(2,±)
L for the singlet
|Ψ+1 〉 and the triplet |Ψ−1 〉 states corresponding to the
dimer and the gapless states, respectively. According to
the results of ED in Figs. 2 and 3, z
(2,±)
L = ±1/2 at the
critical point α = αc with the size dependence O(1/L). If
we calculate the first excited state without classifying the
Hilbert space by parity and/or spin-reversal symmetries,
the the expectation value changes discontinuously at αc.
For the gapless region α < αc, the values z
(2,±)
L = ±1/2
4are almost constant, while they deviate from ±1/2 for
the dimer regions α > αc. This indicates that for the
gapped region 〈Ψ0|Uq|Ψ0〉 6= 0 due to the LSM theorem,
so that Eq. (6) is not satisfied. For the Majumder-Gorsh
point α = 0.5 where the system is fully dimerized [19–
22], the expectation values of U2 with respect to the two
states |Ψ0〉 and |Ψ−1 〉 give the same value z(2,−)L = z(2)L '
−[cos(2pi/L)]L/2.
B. The S = 1 spin chain
The next example is the S = 1 Heisenberg chain with
the single-ion anisotropy,
H =
L∑
i=1
[
Si · Si+1 +D(Szi )2
]
. (20)
This model undergoes a U(1) Gaussian-type phase tran-
sition from the Haldane-gap state [23, 24] to the large-D
(or trivial) state at Dc = 0.968 ± 0.001 [25–27]. This
transition point is determined by the level-crossing of
low-energy spectra of |Ψ±1/2〉 obtained with antiperiodic
boundary conditions [28]. The twisted boundary condi-
tions play a role to make artificial low-energy excitations
that degenerate with the Haldane |Ψ−1/2〉 and large-D
|Ψ+1/2〉 ground states, respectively. The transition point
Dc can also be identified by z
(1)
L = 0 [29].
It follows from the results obtained by ED shown in
Figs. 4 and 5, z
(1,±)
L ± 1/2 with the size dependence
O(1/L). The excited states correspond to the Haldane
(|Ψ−1/2〉) and the large-D (|Ψ+1/2〉) phases, respectively.
Unlike the case of the S = 1/2 J1-J2 spin chain, z
(1,±)
L
deviates from ±1/2 away from Dc, because both two re-
gions D ≷ Dc are gapped states.
C. The extended Hubbard model
As an electron system, we consider the 1D extended
Hubbard model at half-filling and zero magnetic field,
H =
L∑
i=1
[
−t
∑
s=↑,↓
(c†isci+1,s + H.c.)
+Uni↑ni↓ + V nini+1
]
, (21)
where cis (c
†
is) is the electron annihilation (creation) op-
erator for spin s =↑, ↓. The number operators are defined
by nis ≡ c†iscis and ni ≡ ni↑+ni↓. According to the anal-
ysis of the excitation spectra [30, 31], the U(1) Gaussian
transition in the charge part, and the SU(2) symmet-
ric spin-gap transition take place independently near the
U = 2V line with 0 < U < Uc, where Uc is the tricrit-
ical point. Therefore, there appear three phases around
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FIG. 4. z
(1,±)
L of the S = 1 XXZ chain for the L = 18 system
obtained by ED (red and blue lines). If we calculate the
first excited state without classifying the Hilbert space by
parity, the values change discontinuously between ±1/2 at the
Haldane-large-D transition point Dc = 0.968 (magenta line).
On the other hand, z
(1)
L changes continuously and becomes
zero at Dc (green line). z
(1,±)
L do not converge to ±1/2 for
the gapped regions D 6= Dc.
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FIG. 5. System size dependence (L = 8-20) of z
(1,±)
L of the
S = 1 XXZ chain at the Haldane-large-D transition point
Dc = 0.968. This shows that z
(1,±)
L has the size dependence
O(1/L), and approach to ±1/2 in the L→∞ limit.
U = 2V . Those are spin-density-wave (SDW), bond-
charge-density-wave (BCDW), and charge-density-wave
(CDW) phases.
To apply our argument to the electron system, we in-
troduce the twist operators for the charge and the spin
sectors as[5]
Uρ ≡ U↑U↓, Uσ ≡ U↑U−1↓ , (22)
where Us ≡ exp[(2pii/L)
∑L
j=1 jnjs]. Their ground-state
expectation values z
(2)
ν,L ≡ 〈Ψ0|Uν |Ψ0〉 (ν = ρ, σ) give the
BCDW-CDW (z
(2)
ρ,L = 0) and the SDW-BCDW (z
(2)
σ,L =
0) transition points, respectively [11]. In the present two-
component case, the boson representation of Uν is given
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FIG. 6. z
(2,±)
ν,L of the extended Hubbard model for the charge
(ν = ρ) and the spin (ν = σ) sectors for the L = 14 sys-
tem at U/t = 3 obtained by ED (red and blue lines). At
the BCDW-CDW (SDW-BCDW) boundary, we get z
(2,±)
ρ,L =
±1/2 (z(2,±)σ,L = ±1/2). The excited states |Ψ±ν,1〉 are obtained
under antiperiodic boundary conditions with wave number
k = pi (k = 0) for ν = ρ (ν = σ). If we calculate the first ex-
cited state without classifying the Hilbert space by parity, the
value changes discontinuously between ±1/2 at these transi-
tion points (magenta line). On the other hand, z
(2)
ν,L changes
continuously and becomes zero at the transition points (green
line).
by (14) where the phase fields for the charge (ν = ρ) and
the spin (ν = σ) sectors are replaced as φ→ φν/
√
2.
As shown in Fig. 6, the expectation values of Uν with
respect to the excited states become z
(2,±)
ρ,L = ±1/2 at
the BCDW-CDW transition point, and z
(2,±)
σ,L = ±1/2
at the SDW-BCDW transition point, respectively. Their
system-size dependence at the critical points is O(1/L) as
shown in Fig. 7. The excited states |Ψ±ν,1〉 are obtained
under antiperiodic boundary conditions c†i+L,s = −c†i,s
with wave number k = pi (k = 0) for the charge ν = ρ
(spin ν = σ) sector [30, 31].
In the present case, z
(2,±)
ρ,L and z
(2,±)
σ,L behave similarly
to those of the S = 1 spin chain and the S = 1/2 J1-J2
spin chain, respectively, reflecting U(1) and SU(2) sym-
metries of the universality class of the transitions. The
difference of the signs of z
(2,±)
σ,L and the S = 1/2 J1-J2
model is due to that of the coupling constant of the non-
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FIG. 7. System size dependence (L = 8-16) of z
(2,±)
ρ,L of the
the extended Hubbard model at the BCDW-CDW boundary
Vc/t = 1.650 and z
(2,±)
σ,L at the SDW-BCDW boundary Vc/t =
1.353 at U/t = 3 [30, 31]. This shows that z
(2,±)
ν,L has the size
dependence O(1/L), and approach to ±1/2 in the L → ∞
limit.
linear terms g.
V. SUMMARY AND DISCUSSION
In summary, we have discussed the expectation value
of the LSM-type twist operator Uq with respect to ex-
cited states |Ψ±q/2〉 that accompany momentum transfer
qkF. This takes the universal values ±1/2 in TL liq-
uids, so that if the Hilbert space of these states is not
classified by discrete symmetries, the expectation value
changes discontinuously between these two values at the
phase transition points that belong to the universality
class of the U(1) or SU(2) symmetric Gaussian model.
As a matter of fact, the behavior of z
(q,±)
L is just like
an “enhanced” version of z
(q)
L which takes finite values
with different signs at the two gapped fixed points but
becomes zero at the transition point. However, the prop-
erty of z
(q,±)
L is essentially different from that of z
(q)
L in
terms that z
(q,±)
L takes finite values on the limit of the
gapless point. This property is applicable to detect these
phase transitions and characterize the topology of the
system. We have demonstrated these properties in the
S = 1/2 J1-J2 spin chain, the S = 1 Heisenberg chain,
and the extended Hubbard model.
In TL liquids, we can not define order parameters as
ground-state expectation values of operators, because the
bosonized operator is always written in normal-ordered
form. In other words, this is the consequence of an ab-
sence of long-range orders. Therefore, physical informa-
tion in a TL liquid is usually characterized by the dom-
inant exponents of the two-point correlation functions
that show power-law decay. Contrary to this, our result
indicates that we can enhance the order parameter z
(q)
L
6and extract the physical information of TL liquids if the
average is taken in terms of appropriate excited states.
In the present argument, the universal values z
(q,±)
L =±1/2 in TL liquids do not depend on the detailed boson
representation of U as long as the relation (15) is satis-
fied. On the other hand, z
(q)
L = 0 on the Gaussian point
is explained by the bosonized form (14) and the sym-
metry of the Gaussian point under the transformation
φ → φ + pi/2q which reverses the sign of the non-linear
term of the sine-Gordon model. In addition to this, there
is small size dependence of the z
(q)
L = 0 point due to the
approximation to the linearized dispersion relation of the
TL model. Then, 〈: ei2qφ :〉 takes a finite value, and the
size dependence mainly stems from the factor
(
2pi
L
)q2K
of Eq. (14). Recently, the size dependence of z
(q)
L away
from the z
(q)
L = 0 point has been discussed[32]. For this
case, effects of the marginal operator should be taken into
account in the present case [33].
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7Appendix A: Derivation of Eqs.(14) and (15)
We derive Eq. (14). By rescaling the density operators by the TL parameter and using the Campbell-Baker-
Hausdorff formula eA+B = eAeBe−
1
2 [A,B] = eBeAe
1
2 [A,B], the normal ordered representation of Eq. (13) is calculated
as follows,
U(1,K) ≡ exp [i(2φ(L)−Npi − 2Q)] = exp
−∑
n 6=0
√
K
n
e−α
pi|n|
L [ρ˜+(n) + ρ˜−(n)] + iNpi
 (A1)
= exp
[
−
∑
n>0
√
K
n
e−α
pi|n|
L [ρ˜+(n)− ρ˜−(−n)]
]
︸ ︷︷ ︸
≡exp(i2φ>)
exp
[
−
∑
n<0
√
K
n
e−α
pi|n|
L [ρ˜+(n)− ρ˜−(−n)]
]
︸ ︷︷ ︸
≡exp(i2φ<)
eiNpi
× exp
{
−K
2
[∑
n>0
1
n
e−α
pi|n|
L [ρ˜+(n)− ρ˜−(−n)] ,
∑
m<0
1
m
e−α
pi|m|
L [ρ˜+(m)− ρ˜−(−m)]
]
︸ ︷︷ ︸
−K2 [i2φ>,i2φ<] (∗)
}
, (A2)
where we have redefined ρ˜±(n) ≡ ρ±(p) with p = 2piL n. The marked part in Eq. (A2) becomes
(∗) = exp
{
−K
2
∑
n>0
∑
m<0
1
nm
e−α
pi(|n|+|m|)
L [[ρ˜+(n) + ρ˜−(−n)] , [ρ˜+(m) + ρ˜−(−m)]]
}
= exp
(
−K
2
∑
n>0
1
n2
e−α
2pin
L 2n
)
= exp
(
−K
∑
n>0
1
n
e−α
2pin
L
)
= exp
(
K log(1− e−α 2piL )
)
'
(
2piα
L
)K
. (A3)
Therefore Eq. (A1) becomes
U(1,K) '
(
2piα
L
)K
exp(i2φ>) exp(i2φ<)e
iNpi ≡
(
2piα
L
)K
: exp [i(2φ(L)−Npi − 2Q)] :
'
(
2piα
L
)K
: exp [i2φ(L)] : . (A4)
Thus we get Eq. (14). This satisfies Eq. (15) as follows,
U(p,K)U(q,K) = exp(i2pφ>) exp(i2pφ<)eipNpi exp(i2qφ>) exp(i2qφ<)eiqNpi
(
2piα
L
)(p2+q2)K
= exp(i2pφ>) exp(i2qφ>) exp(i2pφ<) exp(i2qφ<)e
i(p+q)Npi
(
2piα
L
)(p2+q2)K
exp(−[i2qφ>, i2pφ<])
= exp(i2(p+ q)φ>) exp(i2(p+ q)φ<)e
i(p+q)Npi
(
2piα
L
)(p2+q2+2pq)K
= exp(i2(p+ q)φ>) exp(i2(p+ q)φ<)e
i(p+q)Npi
(
2piα
L
)(p+q)2K
=U(p+ q,K). (A5)
Appendix B: Alternative derivation of Eq. (17)
In Refs. 16 and 17, Eq. (17) has been derived based on the transfer-matrix method. Here we give an alternative
derivation of this formula using only CFT. We consider an expectation value of an operator Oj in terms of excited
8states in the cylindrical coordinate as
ziji ≡ cyl 〈Oi|Oj(σ)|Oi〉cyl , (B1)
where |Oi〉cyl is the highest weight state corresponding to the primary operator Oi(z, z¯). We assume that the operators
are Hermitian O†i = Oi. Then the counterpart of the two-dimensional plain |Oi〉 and its conjugate state are defined
as
|Oi〉 ≡ lim
z,z¯→0
z−∆i z¯−∆¯iOi(z, z¯) |0〉 , (B2a)
〈Oi| ≡ lim
z,z¯→0
z−∆i z¯−∆¯i 〈0| Oi(1/z, 1/z¯), (B2b)
where (∆i, ∆¯i) is the conformal dimension ofOi. The above definitions satisfy the normalization condition 〈Oi|Oi〉 = 1.
We now define |Oi〉 and 〈Oi| on a cylinder with length L as follows:
|Oi〉cyl ≡ limw,w¯→−∞
(
L
2piaz
)∆i( L
2piaz¯
)∆¯i
Oi(w, w¯) |0〉 , (B3a)
cyl 〈Oi| ≡ lim
w,w¯→−∞ limw′→−w
lim
w¯′→−w¯
(
L
2piaz
)∆i( L
2piaz¯
)∆¯i
〈0| Oi(w′, w¯′), (B3b)
where a is the lattice constant, and w, w¯ and z, z¯ are related by the conformal transformation,
w =
L
2pia
ln z, w¯ =
L
2pia
ln z¯. (B4)
The normalization between |Oi〉cyl and cyl 〈Oi| is confirmed as follows:
cyl 〈Oi|Oi〉cyl = limw,w¯→−∞ limw′→−w limw¯′→−w¯
(
L
2piaz
)2∆i( L
2piaz¯
)2∆¯i
〈0|Oi(w′, w¯′)Oi(w, w¯)|0〉
= lim
z,z¯→0
(
L
2piaz
)2∆i( L
2piaz¯
)2∆¯i
× lim
z′→1/z
lim
z¯′→1/z¯
(
L
2piaz′
)−∆i( L
2piaz¯′
)−∆¯i( L
2piaz
)−∆i( L
2piaz¯
)−∆¯i
〈0|Oi(z′, z¯′)Oi(z, z¯)|0〉
= lim
z,z¯→0
(
1
z
)2∆i(1
z¯
)2∆¯i 1
(1/z)2∆i(1/z¯)2∆¯i
= 1. (B5)
The expectation value of Oj(σ) = Oj(w, w¯) with w = τ + iσ, w¯ = τ − iσ in terms of |Oi〉cyl is calculated as follows,
ziji = cyl 〈Oi|Oj(w, w¯)|Oi〉cyl
= lim
w′′,w¯′′→−∞
lim
w′→−w′′
lim
w¯′→−w¯′
(
L
2piaz′′
)2∆i( L
2piaz¯′′
)2∆¯i
〈0|Oi(w′, w¯′)Oj(w, w¯)Oi(w′′, w¯′′)|0〉
= lim
z′′,z¯′′→0
lim
z′→1/z′′
lim
z¯′→1/z¯′′
(
L
2piaz′′
)2∆i( L
2piaz¯′′
)2∆¯i
×
(
L
2piaz′
)−∆i( L
2piaz¯′
)−∆¯i( L
2piaz
)−∆j( L
2piaz¯
)−∆¯j( L
2piaz′′
)−∆i( L
2piaz¯′′
)−∆¯i
× 〈0|Oi(z′, z¯′)Oj(z, z¯)Oi(z′′, z¯′′)|0〉
= lim
z′′,z¯′′→0
(
2pia
L
)xj z∆j z¯∆¯j
z′′2∆i z¯′′2∆¯i
〈0|Oi(1/z′′, 1/z¯′′)Oj(z, z¯)Oi(z′′, z¯′′)|0〉 (B6)
=
(
2pia
L
)xj
Ciji, (B7)
where xj = ∆j + ∆¯j is the scaling dimension of Oj , and Ciji is the OPE coefficient of the three point function in
Eq. (B6). Thus we get Eq. (17).
9Appendix C: Operator product expansion coefficients
We calculate OPE coefficients involving the following operators,
O1(σ) =: cos[qφ(σ)] :, O2(σ) =: sin[qφ(σ)] :, O3(σ) =: cos[2qφ(σ)] : . (C1)
In a spin-1/2 chain, O1 and O2 correspond to the singlet state and the triplet state with Sz = 0, respectively. O3
appears in the umklapp scattering term. The phase field is given by the holomorphic and the antiholomorphic parts
as,
φ(z, z¯) =
√
K
2
[ϕ(z) + ϕ¯(z¯)]. (C2)
The vertex operators satisfy the following OPE rule for z ' z′:
: eiαϕ(z) :: eiβϕ(z
′) :' (z − z′)αβ : ei(α+β)ϕ(z′) : . (C3)
Then the OPE of O2, O3 is given by their most divergent terms as
O2(z, z¯)O3(z′, z¯′) ' 1
4i
(
: eiq
√
K/4ϕ(z) :: eiq
√
K/4ϕ¯(z¯) :: e−iq
√
Kϕ(z′) :: e−iq
√
Kϕ¯(z¯′) : −H.c.
)
' 1
4i
1
(z − z′)q2K/2(z¯ − z¯′)q2K/2
(
: e−iq
√
K/4ϕ(z′) :: e−iq
√
K/4ϕ¯(z¯′) : −H.c.
)
=
−1/2
(z − z′)q2K/2(z¯ − z¯′)q2K/2O2(z
′, z¯′). (C4)
Thus, we obtain C232 = −1/2. Similarly, we obtain C131 = 1/2 as
O1(z, z¯)O3(z′, z¯′) ' 1/2
(z − z′)q2K/2(z¯ − z¯′)q2K/2O1(z
′, z¯′). (C5)
The process to obtain these universal values C131 = 1/2 and C232 = −1/2 is quite similar to that of Eq. (6).
